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1. Introduction 

En este trabajo se propone dos nuevos métodos para valorar opciones de barrera mediante 

Monte Carlo, y un modelo más realístico para el subyacente.  

Opciones de barrera son difíciles de valorar porque el pago final depende de la trayectoria 

del subyacente, no solo del valor terminal. Por eso, tendríamos que simular miles, o 

millones precios intermediaros para cada simulación. Y porque también necesitamos 

millones de simulaciones, el método de Monte Carlo para valorar muchos derivados 

puede es costoso.  

El primer nuevo método se basa en incrementar la frecuencia de los precios simulados 

dependiendo de la distancia de la barrera, dónde la distancia es medido en desviaciones 

típicas. Se deriva una fórmula para calcular el óptimo tiempo hasta el próximo precio 

simulado de tal manera de que la precisión de la valoración es igual que una valoración 

con una frecuencia de simulación de un segundo o menos, a un coste miles de veces 

menor. 

El segundo método utiliza la distribución conjunta del extremo (mínimo o máximo, 

depende de la opción que se quiere valorar) durante una trayectoria, y el final de la 

trayectoria. Se deriva la distribución y se demuestra que es asimétrica. Además se 

propone una manera para generar un vector {mínimo, fin} consistente con la distribución 

teórica mediante un “copula” de variables aleatorios de la distribución Uniforme. Con 

este truco no es necesario simular cada segundo o menos, sino intervalos relativamente 

mayores entre dos saltos (“jumps”). 

En la literatura existente, se supone que los saltos son aleatorios, tanto en amplitud que en 

el tiempo. El último supuesto es erróneo ya que muy a menudo sabemos cuándo habrá un 

salto: En particular, sabemos que cada noche (período de clausura de mercado) hay un 

salto. Es decir, el rendimiento entre clausura y abertura del mercado es un salto.   

Otro error común en la metodología existente es el supuesto que el interés está compuesto 

continuamente. Esto no es verdad, ya que en la práctica el interés se compone 

diariamente, cada noche, pero no dentro del día. El hecho que en la realidad el interés es 
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compuesto de manera discreta complica la valoración con fórmulas cerradas, como la de 

Black-Scholes, pero introduce un sesgo en la estimación. 

Para valorar opciones de barrera, se propone un nuevo modelo que describe (y genera) el  

proceso del precio del subyacente, que toma en cuenta saltos periódicos y aleatorios y 

interés compuesto diariamente. 

Completamos el análisis con una valoración de opciones de barrera del tipo “Down and 

Out Calls”, que han ganado mucho en popularidad en los últimos años gracias a su fácil 

interpretación como posiciones apalancadas. Efectivamente, al contrario de las opciones 

clásicas, estas opciones de barrera tienen el ratio de cobertura (la “delta”) casi constante e 

independiente del tiempo o valor del subyacente. En España se venden estas opciones 

bajo el nombre de Turbos, entre otros. 

La valoración con el nuevo método demuestra que el valor de estas opciones en un 

mundo con saltos nocturnos vale significativamente más de lo que dicen las fórmulas 

cerradas basadas en saltos aleatorios. También encontramos que el valor incrementa en el 

tiempo intra-diario, y disminuye cada noche (suponiendo un mismo precio). Encontramos 

que sobre todo las opciones muy apalancadas (cuyo subyacente cotiza cerca de la barrera) 

valen más por la tarde que por la mañana.   

      

 

In this paper we propose two novel Monte Carlo methods to price barrier options. The 

first method involves simulating the returns over intervals that are longer if the price is 

further away from the barrier and smaller as the price approaches the barrier. We call it 

the Adaptive Step Method.1 Formally, we choose the step (denoted τ), so that the 

expected overshooting return is fixed at a benchmark, given by the expected overshooting 

return if the underlying´s value is infinitesimally close to the barrier and the sampling 

                                                 
1 It is somewhat analogous to the Adaptive Mesh Model (AMM) suggested by Figlewski and Gao (1999), 

who suggest to make the grid of trinomial trees become fine near critical points and coarse elsewhere. Ahn 

et al. (1999) employ the AMM to value discretely monitored barrier options. 
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interval is set at some minimum value τ*, a choice parameter for the Monte Carlo 

simulation. 

We find that we can let τ* decrease to extremely small values (e.g. one hundredth of a 

second), without increasing the computational costs too much, because despite the 

precision most intervals are much longer than τ*. 

Our second method, Min-End Simulation, is based on selecting open-to-minimum returns 

(denoted µ~ ) and minimum-to-close returns ( ω~ ) to check for barrier crossings in between 

jumps. We derive the ( µ~ , ω~ ) joint probability distribution function for the case where the 

underlying follows a geometric Brownian Motion (GBM) under the risk neutral 

probability measure. We show that ( µ~ , ω~ ) pairs generated by a GBM can be easily 

transformed from a two dimensional copula of uniformly distributed variables. 

The Min-End Simulation method is similar to the Brownian Bridge Method suggested by 

Beaglehole et al. (1997), Metwally and Atiya (2002) and Ross and Ghahami (2010), who 

discretely sample a GBM, and correct for discrete sampling bias by assuming an 

arithmetic Brownian Motion (pure diffusion) between sample points. Although this 

method decreases the discrete sampling bias, it remains biased because the intra-period 

barrier checks are based on a (local) BM, not a GBM. It can be shown that the Brownian 

Bridge maximums are downward biased and the minimums are upward biased. By using 

the GBM generated ( µ~ , ω~ ) pairs, we correct for this bias. 

Another innovation is that, unlike the above mentioned papers and many others, we 

assume discrete interest accrual, and periodic jumps: In real life interest accrues 

discretely during the non-trading overnight periods, as do the most important underlying 

price jumps. 

To increase the power of our Monte Carlo methods, we employ the Modigliani-Miller 

Parity. We show that a down and out barrier option can be interpreted as the equity stake 

of firm of which the only asset is the underlying security, which also has a bond 

outstanding which has a face value equal to the strike price and is collateralized by the 

asset. From the first theorem of Modigliani Miller (1958), the value of the barrier option 

equals the value of the underlying less the value of the bond. The second Modigliani 
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Miller theorem says that the risk (volatility) of the equity position is higher than that of 

the debt, and increases in the debt-equity ratio. For this reason we compute simulated 

discounted bond payoffs and average and subtract it from the value of the underlying, 

instead of averaging the actual barrier option payoffs. For a given number of simulations, 

the former method can reduce the variance by more than hundredfold. 

Many different Monte Carlo simulation techniques to value derivatives exist. Boyle 

(1977) outlines the basic method to value European call and put options. A large 

literature exists on methods to model different underlying processes, reduce the 

computational burdens, and deal with early exercise. See Glasserman (2004) for a survey 

of this literature. 

The methods discussed in this paper can be used to price options that are path dependent, 

continuously monitored, on underlyings that see trade interruptions or jumps. To illustrate 

this we value knock out barrier options (KBOs) on discontinuously traded underlyings 

with intraday jumps. 

Until recently, KBOs were considered exotic derivatives, but since the turn of the 

millennium, continuously monitored down-and-out-calls and up-and-out-puts have 

become very popular. In Germany alone, there are more than 20,000 of such options 

listed on the various exchanges.2 The vast majority have a barrier that equals the strike 

price. Currently, such knockout options are actively marketed to the retail public under a 

variety of names, such as “Turbos” or “Speeders”. 

Although the aggressive marketing has been instrumental for the popularity of KBOs, the 

product has two important advantages vis-à-vis incumbent derivatives such as plain 

vanilla options and futures. They have a hedge ratio that is virtually constant at unity. For 

the buyers this makes a KBO easy to interpret and value. From the issuer´s viewpoint, 

KBOs can be semi-statically hedged: upon selling a down-and-out call the issuer buys 

                                                 
2 According to the Deutscher Derivate Verband, the trading turnover of KBOs in June 2011 was, at 681  

 billion euros almost as high of regular options (see www.derivateverband.de). 
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one unit of the underlying and sells it upon a knockout.3 Upon selling an up-and-out put, 

the issuer short-sells a unit of the underlying and covers it upon knockout. 

The first generation of KBOs, known as Turbos, had barriers approximately 10% above 

the strike price, and upon knockout paid a variable rebate (the residual value), computed 

as the realized difference between market price and exercise price. This construction 

made the issuers´ hedged position virtually risk free. Turbos were first examined by 

Fischer et al. (2002), and Scholz et al. (2005), among others. 

A practical problem was that the rebates caused disputes between issuers and investors.4 

To avoid residual values, banks started issuing perpetual leverage certificates in 2004. 

These products, also known as endless, unlimited, or open-ended do not have a maturity 

date, and increasing strike and knockout prices, of which the accrual rate is set at an 

interest rate benchmark (such as Euribor) plus a markup. Holders of perpetual leverage 

certificates have the right to exercise. Entrop et al. (2009) and Van Bommel and Rossetto 

(2009) analyze and value perpetual leverage products. 

The latest wave of leverage certificates have a maturity date, and a strike price that equal 

the barrier. The last and currently most popular leverage certificates are thus genuine 

barrier options. Following Merton (1973), Scholz et al. (2005) show that if the underlying 

follows a continuous process, the value of zero rebate barrier-equals-strike KBO is 

concave in the value of the underlying and decreases in the volatility of the underlying.5 

There are two reasons why the Merton formula does not give the correct value for barrier 

options. The first reason lies in the monitoring frequency. Most barrier options are not 

                                                 
3 See Brown et al. (2001) for an analysis of the semi-static hedging of barrier options. 

4 The prospectuses go to great length to legally describe the setting of the rebates. They typically specify 

that  upon a knockout the issuing banks unwind the hedge position on a ‘best efforts’ basis and return the 

proceeds to the investor.  

5 Concavity follows from the fact that the option´s value is zero when S = X, while it goes to S – PV(X) for 

large values of S. The vega is negative because the expected life of the option, and therewith the present 

value of the strikeprice, decreases in the volatility. See also page 441 of Hull (2005).  
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monitored continuously but discretely, at fixed times, such as the day´s close.6 Several 

papers offer valuation methods for discretely monitored barrier options.7  

The second reason is that in the real world underlyings do not follow GBMs, but jump 

processes. Muck (2006) models a jump diffusion process for the underlying and uses the 

Cranck-Nicholson method to value KBOs. He finds that, due to jumps, KBO values may 

increase in the underlying’s volatility, contradicting the negative vega predicted by the 

Merton formula. 

In this paper we argue that the most important jumps are the overnight trading halts. Due 

to these predictable periodic jumps, barrier option values critically depend on the time of 

day. To see this, consider a down-and-out-call of which the underlying is trading just 

above the barrier, just before the end of the trading session. According to the Merton 

formula the value of the barrier option is very small. However, due to the imminent trade 

interruption, the KBO’s may be considerable as it equals the probability of overnight 

survival multiplied by a positive expected survival value.  

The premium of a down-and-out call over the Merton value is known by practitioners as 

the gap risk premium, as it is the trading gaps that make the issuer’s positions risky. Upon 

selling a KBO to the public, issuers tend to semi-statically hedge their position by buying 

or selling one unit of the underlying, and effectively issuing a loan to the KBO buyer. If it 

was not for the overnight jump, the issuer´s position would be riskless because the 

underlying could be sold, and the loan covered, as soon as its value reaches the barrier. In 

the real world however, the underlying may precipitate through the barrier due to an 

intraday or overnight jump, so that the issuer may not fully recover the loan. 

Our Monte Carlo simulations show that gap risk premiums due to discontinuous trade can 

be substantial: The value of a down-and-out-call with 20 trading days to maturity of 
                                                 
6 The reasons for this design lie in the practical difficulty of continuous monitoring, the fear of price 

manipulation, and the existence of several trading venues with differing trading hours.  

7 The most popular correction term for discrete monitoring is due to Broadie et al. (1997). Alternative 

pricing methods are presented in Aït-Sahlia and Lai (1997), Boyle and Tian (1998), Ahn et al. (1999), 

Andricopoulos et al. (2003), and Duan et al. (2003). Fusai et al. (2006) derive an analytical pricing formula 

for discretely monitored barrier options on underlyings following a GBM. 
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which the underlying follows a jump-less GBM with a daytime volatility of 1% and 

overnight volatility of 0.7% (the historical averages of an average index), that is trading 

1% above the barrier, is worth more than twice the Merton value. If the underlying trades 

less than 1% above the barrier, the time of day becomes increasingly important. If the 

underlying trades 0.1% above the barrier, the security is worth three times the Merton 

value in the morning and 50 times the Merton value five minutes before the close. 

In the next section we introduce terminology. In Section 3 we describe the adaptive step 

method, section 4 is dedicated to the min-end simulation method, and in section 5 we 

describe the Modigliani-Miller variance reduction technique. In section 6 we present 

value diagrams of a typical down and out KBO. Section 7 concludes. 

2. Terminology and the basic Monte Carlo algorithm 

In this paper we look for the value of knockout barrier options on a non-dividend paying 

underlying of which the intraday price process follows the following stochastic 

differential equation: 

                            dNdNdPdWdtS
dS

ntntjd ν+φσ+φσ+σ+ν=    (1) 

Where W is a standard Wiener process, P a Poisson process with intensity λ, and N a day-

counting process. Parameters σd, σj, σn, are the intraday volatility, the jump standard 

deviation and the overnight return standard deviation, ν and νn denote the daytime and 

overnight drift. φt are random variables from the Standard Normal.  

Unlike the extant literature we recognize that the risk free interest rate is discontinuous, 

and applies to overnight loans only. This is realistic, as in practice intraday lending and 

borrowing is free, and banks charge each other (and clients) interest on overnight deposits 

only. Our second Monte Carlo technique uses the fact that, due to overnight interest 

accrual, the intraday time of a knockout is irrelevant for valuation.  

As usual, we value the derivative as the expected present value under the risk neutral 

probability measure. Or, we set 2
2
1

jσ−=ν  and 2
2
1

nn r σ−=ν . In this framework, a 

KBO´s value depends on the number of whole days until maturity T ∈ N, and the time 



 8 

until the next overnight trading halt, t ∈ [0,1] which is also expressed in days.8 The value 

of a knockout barrier option is thus a function of ten variables: 

                             KBO = f(S, X, B, r, σd, σj, σd, λ, T, t)    (2) 

The basic Monte Carlo technique to value derivatives consists of simulating a large 

number of price paths under the risk neutral probability measure, computing the payoffs, 

averaging, and discounting at the risk free rate. For continuously monitored derivatives, 

the difficulty lies in simulating the continuous parts of the price process.  To address this 

problem we introduce two new methods. 

3. Adaptive Step Monte Carlo 

The classic approach to approximate continuous price paths is to pick random variables, 

denoted φ
~ , from the Standard Normal distribution and repeatedly set, for small sampling 

intervals τ: 

            
τσ−στφ

=τ−

2
2
1~

etStS        (3)  

The problem with this approach is that if we use too large sampling intervals, we miss 

barrier crossings and overstate the security´s value. Taking small τ however is 

computationally very expensive. To reduce the number of random steps, we suggest 

letting τ be a function of the number of the relative return distance from the barrier, 

defined as follows: 

            σ









≡δ
B
Stln

       (4) 

                                                 
8 Throughout this paper, the basic unity of time is a day. This also means that the sigma´s and the lambda 

are daily. Notice that both T and t decrease over time 
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Or, δ is the distance from the barrier, measured in return standard deviations. We then 

compute that the expected overshooting return, EOR, as a function of δ and τ, as follows: 

       τ
δ

−

π
τσ

=∫
∞

δ
φτ

φ
−

πτ
φ

σ= 2

2

2
2

2

2
edeEOR      (5) 

We now define the maximum expected overshooting return as: 

       ∗∗

∗
∗ τσ

π
=∫

∞
φτσ

φ
−

πτ

φ
σ=

2
1

0
2

2

2

2
deEOR      (6) 

Where ∗τ  is the minimum sampling interval which is a chosen parameter for the Monte 

Carlo simulation, e.g. one second. EOR* is the maximum expected overschooting return 

associated with ∗τ .  

For every step of the Monte Carlo simulation we choose τ so that EOR = EOR*. Solving 

this equation gives: 

        












τ

δ

δ
=τ

*

2

2

W
           (7) 

Where W(⋅) is the Lambert W function.9 Since this function is strictly increasing and 

concave on  [0,∞), τ is exponentially increasing in δ. 

As an example, consider the case where σ =  σd = 1%, τ* = 30600-1 (one second) and the 

barrier is standardized to 100. 10 Now imagine that we have St = 101, so that δ = 0.995.  

From (7) we find τ = 0.1399 or approximately 71 minutes. The probability of a knockout 

                                                 
9 The Lambert W function is the inverse function of W(x) = xex. See Corless et al. (1996). It is strictly 

increasing and concave on  [0,∞),  

10 Based on a trading day of eight and a half hours. 
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during this interval is ∫
∞

δ
φ

−

πτ
σ τσ

φ

de 2

2

2
2

 ≈ 0.21%. If later in the simulation we have St = 

100.1 (δ=0.1), we find τ  = 0.00234 or approximately 72 seconds. The associated 

probability of a knockout is approximately 1.9%. If we now happen to draw φ
~

 = -2, we 

arrive at a new stockprice of St = 100.0274. Solving (7) now gives τ = 0.000326, or 

approximately 10 seconds, and the knockout probability increases to 6.5%. These latter 

two cases are illustrated in Figure 1. 

--- Figure 1 around here --- 

Naturally, if equation (7) gives us a τ that is larger than the time to the next jump (either 

intraday or overnight), we set the latter value as the step size. The basic algorithm thus 

becomes: 

For i = 1,..,N 

1. Set X, B, S, r, σd, σn, σj, λ, T, and t. Choose precision parameter τ*. 

2. Generate a random period until the next jump-process generated jump, by 

drawing a random variable from the exponential distribution with parameter λ, 

call it λ
~

. Define ∆
~ ),

~
min( tλ= , the length of the continuous time period. Define 

∆t = t - ∆
~ , the ending time of the continuous period. 

3. Compute δ from equation (4) and τ from (7). Define ),min( ∆τ−=′ ttt  as the end 

of the step to be taken step. 

4. Pick an observation φ
~

 from the standard Normal. Simulate a new stockprice: 

)~,min(2
2
1)~,min(

~
∆τσ−∆τσφ

=′ etStS . 

5. If BSt <′  (if we have a daytime knockout), go to 15. 

6. Set tt ′= . If ∆> tt , go to 3. 
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7. Randomly pick an observation φ
~

from the standard Normal to simulate the jump.  

8. If t>∆
~  (implying that we´re at the end of the day), go to 11. 

9. Set 
2

2
1~

jjeSS tt
σ−σφ= to simulate the post jump price. 

10. If BSt <  (a daytime jump knockout), go to 16. Else, go to 2. 

11. If T = 0, go to 17. 

12. Set 
2

2
1~

nnr
tt eSS σ−σφ+=  to simulate the next day´s open price. 

13. If BSt <  (overnight knockout), go to 16. 

14. Set T = T-1. Set t = 1. Go to 2. 

15. Vi = 0 (continuous knockout). End. 

16. Vi = 0 (jump knockout). End. 

17. Vi = St – X (survival). End. 

Set KBO = ∑
=

−
N

i
i

rT VNe
1

1  

The loop between steps 3 and 6 is where the continuous paths are sampled. Our sampling 

strategy makes sure that the expected overshooting return during each interval is the 

same. It implies that as we get closer to the barrier, the probability of a knockout during 

the sampling step increases. Clearly, this procedure is equally precise as sampling every 

τ* (e.g. second by second), yet saves considerable computing time. Nevertheless, the loop 

of step 3 through 6 still takes up the bulk of the simulation. 

4. Min-End Simulation 

In this section we develop a method that further reduces the Monte Carlo´s computational 

burden. Instead of sampling the continuous paths in very small intervals, we simulate, for 

each continuous interval, a return from the start to the minimum value (denoted µ~ ), and a 

return from the minimum to the interval´s ending value (denoted ω~ ). Clearly these two 
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returns, of which the domain is (-∞,0]×[0,∞), are dependent. To see this, notice that a 

relatively small (very negative) µ~  is more likely to be set towards the end of the day, and 

that hence it likely belongs to a relatively small ω~ . 

Naturally, the joint distribution f(µ,ω) depends on the nature of the stochastic process of 

the underlying. The following proposition characterizes the joint probability distribution 

for the case of a driftless Geometric Brownian Motion: 

Proposition 1: If a price follows a driftless Geometric Brownian Motion with periodic 

volatility σ, the joint distribution of the return until the minimum value, µ~ , and the return 

from the minimum value until the ending value, ω~ , is given by: 

                   

( )
2

2

2)()(),( σ

µ−ω
−µ+ω

µ−ω⋅σ=ωµ eKf     (8) 

Where K(σ) is the proportionality constant that makes the integral equal unity. 

The derivation, given in the appendix, is based on the lattice representation of Cox et al. 

(1979). Unfortunately, there is no closed form solution for the proportionality constant 

K(σ). The f(µ,ω) distribution is given in figure 2. We chose σ = 20% so as to illustrate the 

asymmetry of the distribution.11 For small (e.g. daily) σ´s the probability density is 

almost symmetric around the diagonal ω+µ=0. 

--- Figure 2 around here --- 

The problem now is how to sample from f(µ,ω). The natural way is to first pick an ω~  

from its marginal distribution, and then a µ~  from the conditional distribution. 

Unfortunately, there is no closed form solution for these distributions, which makes 

                                                 
11 The distribution can thus resembles the distribution of a yearly minimum and its minimum-to-year end 

return.  
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approximation and additional computational costs necessary.12 Moreover, if we want to 

model a jump process, we need to compute )()( ∆σ=σ dKK  for every intra-jump 

interval ∆, further adding to the computational burden.  

For this reason, we assume that the price process follows a Geometric Brownian Motion 

with a drift of 2
2
1 σ , which has a much more tractable distribution:  

Proposition 2: If a price follows a Geometric Brownian Motion with periodic volatility σ 

and drift 2
2
1 σ , the joint distribution of the return until the minimum value, µ~ , and the 

return from the minimum value until the ending value reached, ω~ , is given by: 

                   

( )
2

2

3
* 2

2
)(2),( σ

µ−ω−

πσ

µ−ω
=ωµ ef       (9) 

The ),(* ωµf  function is given in figure 3, which shows the distribution from a different 

angle than in figure 2. We can see that ),(* ωµf  has the same basic shape as f(µ,ω), but is 

symmetric around the diagonal µ+ω=0. This also makes ),(* ωµf  scalable, in the sense 

that its shape is independent of σ. For this reason we plotted the distribution for σ = 1, so 

that the axes in the figure can be read as standard deviations. We find that, conditional on 

the closing price being the minimum (ω=0), the day´s expected minimum return is 

[ [ ] 25.12]0~ −≈
π

−==ωµE  standard deviations. 

--- Figure 3 around here --- 

We suggest generating a ( µ~ , ω~ ) pair from this joint distribution and then correct for the 

drift by subtracting 2
2
1 σ  (which is very small compared to the expected absolute values 

                                                 
12 To get around this, Beaglehole et al. (1997) and Metwally and Atiya (2002) assume an arithmetic BM 

between two GBM-generated points and then use the Brownian Bridge concept. 
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of µ~  and ω~ ) from the simulated day return µ~ + ω~ . To do this we subtract 
µ−ω

µ−
σ ~~

~2
2
1  

from µ~  and 
µ−ω

ω
σ ~~

~2
2
1  from ω~ . That is, we weigh the proportion of this correction 

according to the returns´ absolute values. This is reasonable because if µ−=µ ~~  is high 

relative to ω~ , the path to the minimum is likely to be longer than the path from minimum 

to the end. Hence we let µ~  bear a larger part of the drift correction term 2
2
1 σ . Notice that 

in any case the correction term is very small. In our Monte Carlo experiments we are not 

able to statistically distinguish whether we apportion the correction term according to µ~  

and ω~ , or whether we simply subtract 2
4
1 σ  from both µ~  and ω~ . 

To select a ( µ~ , ω~ )-pair from ),(* ωµf , we use the copula method, which uses the fact that 

dependence of two random variables µ~ , ω~  implies dependence of )~(µµF  and )~(ωωF , the 

marginal probabilities of seeing higher values. Hence to find a ( µ~ , ω~ ), we can pick a pair 

from of independent random variables from the Uniform U[0,1], denoted ( 21
~,~ υυ ) and 

make suitable transitions. Since the marginal distribution of µ− ~  (and ω~ ) is the truncated 

normal: 

                   

( )
2

2

0

2

2

3
2

2
22

2
)(2)( σ

µ−

πσ
=ωσ

µ−ω−

πσ

µ−ω
=µ ∫

∞

=ω

∗
µ edef  for µ ≥ 0  (10) 

we choose:  

                     )~(~
1

1 υϕ−=µ −          (11) 

Where  ϕ-1() is the inverse of the Standard Normal.  

We then pick an ω~  from its conditional probability, which is given by: 

                   
2

2

2
2

)~(
)~(),~()~( σ

µ−ω−

σ

µ−ω
σµ=µω∗ eKf      (12) 
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Where the proportionality constant is given by: 

                
2

21

0

2

2

2
2

~

2
)~(

)~(),~( σ

µ

=


















ωσ

µ−ω−

σ

µ−ω
=σµ

−

∞

=ω
∫ edeK     (13) 

The conditional probability of seeing an ω~  higher than ω is then given by: 

             )~~( µω>ωprob  = 
2

2

2

2

* 2
)~(

2

~

´)~´()~(1 σ

µ−ω−

σ

µ

−=ωµω=µω− ∫
∞

ω

∗ eedfF   (14) 

For every ω~ , there is an associated probability of seeing a higher value (conditional on 

µ~ ), which will be 2
~υ . Hence we have: 

                   ( ) µ+µ+υ−−=ω⇔σ

µ−ω−

σ

µ

−=υ ~~~ln2~2
)~~(

2

~

~ 2
2

2

2

2

2

2 ee    (15) 

Summarizing, we check for knockouts during continuous intervals using the following 

algorithm, which replaces steps 3 through 6 of the previous subsection.  

3. Pick an a two dimensional copula { }21
~,~ υυ  from U[0,1] × U[0,1]. Set )~(~

1
1 υϕ−=µ − . 

4. Set ( ) µ+υ−µ=ω ~~ln2~~
2

2 . 

5. Set 
2

2
1

~~
~~~

min σ
µ−ω

µ
+∆σµ

= eSS t . If BS <min , go to 15. 

6. Set 
2

2
1

~~
~~~

min σ
µ−ω

ω
−∆σω

∆+ = eSSt . Set ∆+= tt . 

Our method resembles that of Beaglehole et al. (1997) and Metwally and Atiya (2002) 

who model a Brownian Bridge between every pair GBM-generated jump times. A 

Brownian Bridge and then use the Brownian Bridge concept Notice that our model is 

different from assuming that the price process follows an Arithmetic Brownian Motion. 
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Under the suggested model the total price distribution is still lognormal (although for due 

to the small time intervals, the difference is minimal).   

5. Variance Reduction and Modigliani Miller Parity 

To increase the power of our Monte Carlo analysis, we employ a parity condition that is 

unique to barrier options. We interpret a down and out call option as the equity position 

of a levered firm whose only asset is the underlying security. The firm is partly financed 

with a loan. The face value of the loan equals the strike price, and it is collateralized by 

the assets. The loan indenture specifies that whenever the value of the assets falls the 

barrier, the assets accrue to the creditor and the equity holders are wiped out. Clearly, this 

gives the firm´s shareholders exactly the same payoff as the holder of the barrier option. 

The first Modigliani and Miller theorem, which says that the value of the assets is 

independent on the way they are financed, applies for this firm, so that the value of the 

option equals the value of the underlying less the value of the debt. Since the debt is not 

riskless, its value is difficult to estimate. It may be more than the face value discounted 

over the contractual term, because the lender may recover the principal earlier. It may 

also be less because the lender may not recover the loan in its entirety due to a jump 

event (either intraday or overnight). Although the value of the loan is difficult to estimate, 

its payoff is much less volatile than the payoff to the barrier option. It is this property that 

we exploit in our Monte Carlo analysis. 

Modigliani and Miller (1958) make a prediction about the risk of the equity holders 

payoff in their second theorem. In particular, they say that the risk is linearly increasing 

in the debt-equity ratio, under the assumption that the debt is riskless. In our case the debt 

is not riskless. Due to the assumed jump process of the underlying there is no closed form 

solution for its value, so that the variance reduction gained from the Modigliani Miller 

parity is an empirical question. In the next section we show that the variance reduction is 

very significant, and that it decreases in the moneyness of the option. 

6. An illustration for an index KBO. 
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To illustrate our valuation method, we price a typical down-and-out KBO on a typical 

stock index and a typical stock. For the former underlying take σd = 1% and σn = 0.7%, 

which are the approximate long run averages of a typical index. For the index we model 

no intraday jumps, partly because we believe it to be a reasonable reflection of reality and 

partly because we are interested in gauging the effect of the overnight trading halts on the 

KBOs price.13 

Our typical stock has σd = 1.5%, σn = 1%, λ = 0.1 and σj = 2%, for an annualized sigma 

of approximately 40%. As the most popular KBOs have maturities of approximately one 

month, we choose T = 20. The risk free rate is set at r = 0.01%, approximately 2.5% per 

annum. In all examples we net out dividends.   

                                                 
13 When we investigate six years of intraday data of the CAC40 index (computed every 30 seconds by 

Euronext between 2005 and 2008), we do not find any significant intraday jumps. From 1,067,342 thirty 

second returns, only seven observations had an absolute value higher than 1% (The minimum was -1.5%, 

and the maximum 2.1%). When we force a Jump process on the data and use a maximum likelihood 

procedure to find the parameters, we find a λ = 183 (jumps per day) and σj = 0.03%.  
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6.1. Valuation with the Adaptive Step Method 

In this subsection we estimate the value diagram of the index KBO less its intrinsic value 

with the Adaptive Step Monte Carlo method described in section 3, for different values of 

the precision parameter τ*. Each valuation is based on 10,000,000 price paths. As a 

reference we also compute the KBO´s value according to the Merton formula with 

instantaneous volatility of 22
nd σ+σ . 

--- Figure 4 around here --- 

We observe that the KBO´s value is estimated to be significantly higher than the Merton 

value. This is not due to the sampling frequency of the Monte Carlo simulation but to the 

overnight trading halts. Not surprisingly, we see that if we set τ* = 1 day we severely 

overestimate the KBO´s value, particularly if the underlying is trading near the barrier. If 

we increase the effective sampling frequency, the value diagram converges. The line for 

τ* = 1 second is statistically indistinguishable from the case with τ* = 0.01 seconds. 

Notice that all methods converge to KBO – S + X = X(1-e-rT ) = 0.1998. 

Interestingly, we find that sampling with τ* = 0.01 seconds is not much more expensive 

that taking τ* = 1 second or higher values. The reason is that we do not split the day up in 

intervals of τ*, but in intervals τ that are, on average, much larger. If we are far away 

from the barrier, many of the intervals will have τ = 1 (one day), even though τ* is much 

smaller. If on the other hand we are close to the barrier, we increase the sampling 

frequency, but the expected remaining life of the instrument is short. Figure 5 gives the 

average number of random variables generated per simulated price path. For high S this 

number converges to 2T + 1 = 41, as for deep in the money KBOs we end up sampling 20 

whole days and nights, and the option expires at the end of the Tth day. For S very close to 

B, the number of generated random variables becomes less because the expected life of 

the instrument decreases. It turns out that the most costly estimation is that of a KBO of 

which the underlying trades approximately one standard deviation from the barrier. 

--- Figure 5 around here --- 
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6.2. Valuation with the Min-End simulation  

To benchmark our second Monte Carlo method we value the same (index) KBO with the 

Min-End simulation method. We use this method to value the KBO on different times of 

the day, in particular, we choose t = 1, 0.4765, 0.2353, 0.1176, 0.0294, 0.00196, and 

0.00003, corresponding to the beginning of the day, four hours, two hours, one hour, 15 

minutes, one minute and one second before the close. The results of this analysis are 

given in Figure 6. 

--- Figure 6 around here --- 

We observe that the gap risk premium can be substantial. In particular, a KBO on a 

typical index that lies 1% above the barrier, is worth more than twice the Merton value, 

independent of the time of day. If the index approaches the barrier, the time of day 

becomes increasingly important. If the underlying lies 0.1% above the barrier, the KBO is 

worth three times the Merton value in the morning, and 50 times the Merton value fifteen 

minutes before the close. Not surprisingly, we see that the option value of near-the-barrier 

KBOs increases over the trading day. As the trading halt and its associated jump become 

closer, such KBOs see an increase in their probability of survival. 

From Figure 6 we also see that the value diagram at the beginning of the day as estimated 

with the adaptive step method is almost equal to the to the values as computed with the 

min-end method. Still the latter values lie slightly below the values estimated with the 

adaptive steps method. This may mean that the 0.01 second interval is still not small 

enough, or that the approximation of f(µ,ω) by f *(µ,ω) and ex-post adjusting for the drift 

gives slightly too low values. 

To compare the computational cost of the two Monte Carlo methods, we plot the number 

of random variables that needs to be generated per sample path for the min-end method, 

similar as we did in figure 5 for the adapted mesh method. 

--- Figure 7 around here --- 
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From Figure 7 we see that the computational cost of the Min-End Simulation method is 

lower for KBOs that trade closer to the barrier. The time of day matters very little: the 

number of random variables is only slightly higher if we are closer to the end of the 

trading day. The increase in variables needed is due to the longer expected life. For deep 

in the money KBOs, the number of random variables approaches, 3T+2, because for the 

min-end method we need three random variables per day: one to generate a µ~ , one for an 

ω~  and one for the overnight return. 

--- Figure 8 around here --- 

Figure 8 gives the value diagram for a typical stock, as estimated with the Min-End 

method. We find higher premia with respect to the Merton values (which in turn are 

lower than those for the index: The Merton formula implies a negative vega.). This is not 

surprising, as the presence of intraday jumps increases the gap risk. Additional analysis 

shows that the basic shape of the value diagram due to gap risk is the same for different 

parameter values: We always see a hump with a maximum where S lies approximately 

1½  standard daily standard deviations ( for the stock this is 222
jnd λσ+σ+σ = 1.91%)  

above X, and an additional spike for very highly levered KBOs, which reaches its 

maximum at t = 0. We also find that a sufficient statistic for the hump amplitude vis-à-vis 

the Merton value is is 22
jn λσ+σ , and that only 2

nσ  determines the height of the spike near 

S = X. 

6.3. Variance reduction 

In Monte Carlo analysis we use the fact that the average payoff of a large number of 

simulated paths converges to its expectation (under the risk neutral probability measure), 

of which the discounted value is the fair price for the security. Clearly, to increase the 

power of the analysis we want to reduce the variance of the simulated payoffs. 

In this subsection we investigate the variance reduction that can be achieved by 

employing the Modigliani-Miller parity, which says that the value of a KBO equals the 

value of the underlying security less the value of a hypothetical loan collateralized by it. 
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To assess the efficiency of the this technique we estimate the standard deviation of the 

payoff to the typical stock KBO, investigated in the previous subsection. The upper panel 

of Figure 9 gives this standard deviation as a percentage of S, as a function of S. Not 

surprisingly, we find a concave function between σpayoff = 0 when S = X, and an 

asymptote of σpayoff  = S ( )222
jndT λσ+σ+σ  = 11.53%. This latter value derives from the 

fact that for S >> X, the KBO almost always survives so that its payoff is equally risky as 

the underlying. 

We find that the curve is almost identical for values in the morning and values in the 

afternoon. Only for KBOs very near knockout, the payoff standard deviation is 

significantly higher close to the end of the trading day. This is because the probability of 

survival of KBOs increases in the proximity to the overnight trading halt. For deep in the 

money KBOs, the payoff standard deviation of morning-KBOs is slightly higher because 

there is more time until maturity. In any case, panel A implies that to estimate KBO 

values from their sampled payoffs with a given level of precision, we need to choose a 

larger number of simulations for KBOs that are deeper in the money. 

--- Figure 9 around here --- 

The bottom panel of Figure 9 gives the standard deviation of the payoff to a loan that is 

secured by the underlying, again as a percentage of S. Not surprisingly, we observe that 

the payoff standard deviation decreases in S. Due to the collateral, the loan is very safe. 

The risk comes from the timing of the repayment and from jumps. As S increases defaults 

become less likely, and the expected time until repayment approaches T. Indeed as S goes 

to infinity, the standard deviation of the loan payoff goes to zero. In any case we see that 

the standard deviation of the loan payoff is significantly lower than the standard deviation 

of the KBO payoff for almost the entire domain. Overall, this analysis endorses using the 

Modigliani Miller parity to value KBOs with Monte Carlo analysis. 
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7. Summary 

In this paper we develop two Monte Carlo methods to price continuously monitored path 

dependent derivatives. The first method we call an Adaptive Step Monte Carlo method, as 

we let the simulated price process take smaller steps as we approach the barrier. We set 

the steps in such a way that the expected overshooting return, which depends on the 

distance from the barrier measured in return standard deviations, is constant. 

Our second method is the Min-End Simulation. Instead of simulating prices at ever 

decreasing time intervals, we simulate the return to the minimum (or maximum) during 

an interval and an appropriate return from the minimum to the interval´s ending value. 

We derive the joint probability of these returns. This method requires fewer steps if we 

are close to the barrier, but more if we are further away from it, as each continuous period 

requires two random variables. 

Finally, we suggest the Modigliani Miller parity to reduce the standard error of our 

Monte Carlo estimates. This parity condition says that the value of a down-and-out 

barrier option equals that of the underlying less the value of a loan of which the face 

value is the strike price and is that secured by the underlying. We find that by simulating 

loan payoffs we and subtracting the discounted average from the value of the underlying 

we greatly increase the precision of our estimation.    

We apply all three methods to value of continuously monitored down-and-out calls and 

up-and-out put options. Such instruments have become very popular during the last 

decade, mainly in Europe, where they are actively marketed to the retail public. The 

majority of these instruments have a barrier that equals the strike so that they can be 

interpreted as leveraged positions: Their deltas stay close to unity, especially in low 

interest rate environments. However, due to discontinuous trading of the underlying 

barrier options are subject to gap risk which is not captured by incumbent pricing models.  

Our Monte Carlo methods show that the true value of down and out calls is can be 

significantly higher than the Merton model which assumes continuous trading. The 

premium over the Merton value is particularly high at the end of the trading day, when 

the underlying is trading close to the barrier. 
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Appendix: Derivation of  f(µ,ω) and f *(µ,ω) 

To find f(µ,ω), we consider the Cox Ross Rubinstein (CRR) binomial tree where the up 

movement is u = dteσ , the down movement is d = dte σ− , and the risk neutral 

probability of an up movement is 2
11

<
σ−−σ

σ−−
=

dtedte

dteq .  

We will first look for the density along the diagonal described by μ + ω = 0. Or, we want 

to know the distribution of the minimum return, conditional on total return being zero. 

See the upper panel of figure A1. 

--- Figure A1 around here --- 

Clearly, the total number of paths that that leads to zero day return is ( )N
N

2 . The lowest 

minimum that can be reached among these paths is dtNe σ− .  There is only one path 

that results in this event: the path which has N consecutive downs followed by N ups. 

Hence its probability is ( ) 1

2
−

N
N .  

The second lowest minimum is dtNe )1( −σ− . In the upper panel of Figure A1 the 

possible paths are identified with thick black lines that go through the numbered nodes. 

Not all path combinations from point 1 to point 27 are permitted though. E.g. itinerary 1-

10-11-13-15-18-27 does not see the required minimum. Clearly, only paths that go 

through point 12 and/or point 16 meet the requirement of reaching the second lowest 

minimum. To identify the valid paths, we rearrange the black segment of the upper panel 

in the lower panel of Figure A1, where all possible itineraries from 1 to 27 are permitted. 

The lower panel representation shows that if we reach point 12, we can either go to 13 or 

14 and then any path to 27. It also shows that if we arrive at point 13 from point 11, we 

must go to point 16. From the bottom panel we see that to go from point 0 to point 27, the 

process must take one path down, out of 2N opportunities to do so. Clearly there are ( )N2
1  

ways to do this. 
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Figure A1: Lattice representation of the possible paths that have μ=-ω. 

The circled points lie N-1 under the starting point. The black lines represent cover the 

possible itineraries that lead to these minima. Panel B gives an alternative representation, 

in which the process, if it arrives to point 13 from 11 (from the inside lane), is forced to 

go to point 16. 
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The same principle can be applied to find that the number of paths that touch or dip 

below the second lowest minimum, dtNe )2( −σ−  is ( )N2
2 . For the general case we find 

that the number of paths that reach or cross dtiNe )( −σ−  is ( )N
i

2 . Or:  

             ( )
( )
( )N
N
N
i

dtiN
2

2)(~Prob =−σ−≤µ   for i = 1...N     (A1)  

To complete the proof, we use the fact that for large N, the binomial factor can be written 

as:   



 25 

        ( ) ( )242
2

lim 2
1

2
2 −−

π
=∞→

N
iN N

e
NN

i
N          (A2) 

Hence we can write: 

     ( ) ( )
( )241

2

2)(~Prob 2
1

2
2 −−

π
=−σ−≤µ N

iN N
e

N
N
NdtiN     (A3) 

Define: NiNdtiN 2
1

2)( σ+σ−=−σ−=µ , so that NNi +σ
µ

=
2  

Substituting gives: 

     ( ) ( )
( )

( )
( )

2

2
22

2
2

21

2

221

2

2~Prob σ

ω−µ
−

π
=σ

µ
−

π
=µ≤µ e

N
N
Ne

N
N
N

NN
   (A4) 

The latter equality follows from the fact that along the diagonal we have 2
ω−µ

=µ  

So that for the probability distribution function along this line we have: 

                )0,( =ω+µωµf  ∝ 

( )
2

2

2
2)( σ

µ−ω
−

σ

µ−ω e      (A5) 

Also for the lines parallel to the diagonal, with ω + µ = dtjσ2 , for any j, the same logic 

applies. Only the proportionality constant is different. Compared to a path with ω + µ = 0, 

a path with ω + µ = dtjσ2  has j more ups and j fewer downs, so that the proportionality 

constant for the diagonal ω + µ = dtjσ2  is proportional to 
j

q
q







 −1 = 

j

dte

dte














σ−−

−σ

1

1  

dtje σ= 2 .)( µ+ω= e  Hence, for f(µ,ω) we can write: 

                         f(µ,ω) ∝ 

( )
2

2

2
2)( σ

µ−ω
−ω+µ

σ

µ−ω e     (A6)  
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For the derivation of f *(µ,ω) we consider the same tree, but now with the risk neutral 

probability being q*= ½, so that the GBM has a drift of ½σ2. We follow the same steps as 

above until equation (A5). Since q*= ½, the shape of the distribution is given by this 

equation on the entire domain. By integration we find the proportionality constant:   

           

( )

2
2       2)(

0

0 2

2

2

πσ
=ωµσ

µ−ω
−

σ
µ−ω

∫ ∫
∞

∞−

dde     (A7) 

This gives us the probability distribution function given by equation (8) in proposition 2. 
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Figure 1: Sampling with constant expected overshooting 

This figure illustrates our sampling strategy. If the underlying´s value lies relatively far 

away from the barrier (the left panel, where its value is 0.1% above the barrier), we 

sample our return from a Normal with relatively high standard deviation, by modeling a 

relatively large sampling interval. When we are closer to the barrier, we sample from a 

Normal with relatively low standard deviation, by taking a small sampling interval. 
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Figure 2: The min-end joint distribution ),( ωµf   

This graph gives the joint distribution of the continuously compounded return to the 

minimum value (µ) and the continuously compounded return from the minimum value to 

the ending value (ω), for a zero drift Geometric Brownian Motion if the instantaneous 

volatility is σ = 20%. 
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Figure 3: The min-end jo1int distribution ),(* ωµf  

This graph gives the joint distribution of the continuously compounded return to the 

minimum value (µ) and the continuously compounded return from the minimum value to 

the ending value (ω), for a Geometric Brownian Motion with a drift of 2
2
1 σ  if the 

instantaneous volatility is σ = 1. 
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Figure 4: Estimated values of a barrier equals strike down and out call 

This graph gives the value, as percentage of the barrier, of a barrier equals strike down 

and out KBO with time to maturity 20 trading days, less its intrinsic value, as estimated 

by the Adapted Step method, where the price process is sampled over intervals τ that 

depend on the distance from the barrier in such a way that the expected overshooting 

return during each step equals the maximum value that for the minimum interval τ*, 

which varies between one day and one hundredth of a second. The underlying follows a 

geometric Brownian Motion with σd = 1% during the day, and experiences overnight 

jumps with σn = 0.7%. The riskfree rate is 0.01% per day. As a reference the value 

according to the Merton formula is displayed, with 22
nd σ+σ=σ  . 
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Figure 5: Computational costs as a function of precision and moneyness 

This graph gives the average number of random variables generated per simulated price 

path of a barrier equals strike down and out KBO estimated by as estimated by the 

Adapted Mesh Monte Carlo method, where the price process is sampled over intervals τ 

that depend on the distance from the barrier in such a way that the expected overshooting 

return during each step equals the maximum value that obtains for a minimum interval τ*, 

which varies between one day and one hundredth of a second. 
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Figure 6: Value diagram of a barrier equals strike down and out call on an index 

This graph gives the value, as percentage of the barrier, of a barrier equals strike down 

and out KBO with time to maturity 20 trading days, less its intrinsic value, as estimated 

by a Monte Carlo min-end simulation. The underlying follows a geometric Brownian 

Motion with σd = 1% during the day and experiences overnight jumps with σn = 0.7%., 

The riskfree rate is 0.01% per day.  As a reference we also plot the value diagram at the 

beginning of the day as estimated with the Adapted Step method, and the value according 

to the Merton formula with 22
nd σ+σ=σ  . 
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Figure 7: Computational costs as a function of time of day and moneyness 

This graph gives the average number of random variables generated per simulated price 

path of a barrier equals strike down-and-out KBO estimated by the Monte Carlo Min End 

method, as a function of the time left until the close. As a reference, we also give the 

number of random variables needed if we use the Adapted Step Monte Carlo method with 

minimum interval τ* = 0.01 seconds, and t = 1 (day). 
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Figure 8: Value diagram of a barrier equals strike down and out call on a typical stock 

This graph gives the value, as percentage of the barrier, of a barrier equals strike down 

and out KBO with time to maturity 20 trading days, less its intrinsic value, as estimated 

by a Monte Carlo min-end simulation. The underlying follows a jump diffusion process 

with σd = 1.5%,  λ = 0.1, σj = 2%, and σn = 1%, and r = 0.01% per day.  As a reference 

we also plot the value according to the Merton formula with 222
jnd λσ+σ+σ=σ  . 
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Figure 9: Standard deviations of payoffs to KBOs and KBO-loans 

The upper graph gives the estimated standard deviation of the payoff to a barrier-equals-

strike down-and-out KBO with time to maturity 20 trading days, as a percentage of S. 

The strike price is 100. The underlying follows a jump diffusion process with σd = 1.5%,  

λ = 0.1, σj = 2%, and σn = 1%, and r = 0.01% per day. The time to maturity is 20 whole 

days plus one minute or an entire trading session. The bottom graph gives the estimated 

standard deviation of the payoff to a loan that is collateralized by the underlying and 

becomes payable when the underlying breaches the strike price.   
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